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Huffman, LZW Compression, KD Trees





Huffman Idea: Compress the most frequent letters to be shortest, an example..
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Inner-nodes: freqs
Leaves: letters

What is the most freq. letter?    What’s the encoding of ‘o’?        ‘n’?      ‘m’?   
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Huffman Idea: Compress the most frequent letters to be shortest

Steps:

1. Add all letters to minHeap by their frequencies
2. Pop off min, add to the tree Bottom-up
3. Put the current tree into minHeap with freq = tree size, repeat 2-3

12

3 m

n o



Quick example: start off with freqs

12

3 m

n o

Steps:

1. Add all letters to minHeap by their frequencies
2. Pop off min, add to the tree Bottom-up
3. Put the current tree into minHeap with freq = tree size, repeat 2-3

m n o

9 1 2



Quick example

12

3 m

n o

Steps:

1. Add all letters to minHeap by their frequencies
2. Pop off min, add to the tree Bottom-up
3. Put the current tree into minHeap with freq = tree size, repeat 2-3

m n o

9 1 2



Quick example

12

3 m

n o

Steps:

1. Add all letters to minHeap by their frequencies
2. Pop off min, add to the tree Bottom-up
3. Put the current tree into minHeap with freq = tree size, repeat 2-3

m n o

9 1 2

    Q
 (1,n)
 (2,n)
 (9,m)



Quick example: Step 2

12

_ m

n o

Steps:

1. Add all letters to minHeap by their frequencies
2. Pop off min, add to the tree Bottom-up
3. Put the current tree into minHeap with freq = tree size, repeat 2-3

m n o

9 1 2

    Q
 (1,n)
 (2,n)
 (9,m)

Step 2 in-depth:
2a. Initialize node curr



Quick example: Step 2

12

_ m

n o

Steps:

1. Add all letters to minHeap by their frequencies
2. Pop off min, add to the tree Bottom-up
3. Put the current tree into minHeap with freq = tree size, repeat 2-3

m n o

9 1 2

    Q
 (1,n)
 (2,n)
 (9,m)

Step 2 in-depth:
2a. Initialize node curr
2b. Set children to be next two minHeap elts



Quick example: Step 2

12

1+2 m

n o

Steps:

1. Add all letters to minHeap by their frequencies
2. Pop off min, add to the tree Bottom-up
3. Put the current tree into minHeap with freq = tree size, repeat 2-3

m n o

9 1 2

    Q
 (1,n)
 (2,n)
 (9,m)

Step 2 in-depth:
2a. Initialize node curr
2b. Set children to be next two minHeap elts
2c. curr.freq = Add up freq of children



Quick example: Step 2

12

3 m

n o

Steps:

1. Add all letters to minHeap by their frequencies
2. Pop off min, add to the tree Bottom-up
3. Put the current tree into minHeap with freq = tree size, repeat 2-3

m n o

9 1 2

    Q
 (3,no)
 (9,m)



Quick example: Step 2
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n o

Steps:

1. Add all letters to minHeap by their frequencies
2. Pop off min, add to the tree Bottom-up
3. Put the current tree into minHeap with freq = tree size, repeat 2-3

m n o

9 1 2

    Q
 (3,no)
 (9,m)

Step 2 in-depth:
2a. Initialize node curr
2b. Set children to be next two minHeap elts
2c. curr.freq = Add up freq of children



Quick example: Step 2

_

3 m

n o

Steps:

1. Add all letters to minHeap by their frequencies
2. Pop off min, add to the tree Bottom-up
3. Put the current tree into minHeap with freq = tree size, repeat 2-3

m n o

9 1 2

    Q
 (3,no)
 (9,m)

Step 2 in-depth:
2a. Initialize node curr
2b. Set children to be next two minHeap elts
2c. curr.freq = Add up freq of children



Quick example: Step 2

3+9

3 m

n o

Steps:

1. Add all letters to minHeap by their frequencies
2. Pop off min, add to the tree Bottom-up
3. Put the current tree into minHeap with freq = tree size, repeat 2-3

m n o

9 1 2

    Q
 (3,no)
 (9,m)

Step 2 in-depth:
2a. Initialize node curr
2b. Set children to be next two minHeap elts
2c. curr.freq = Add up freq of children



    Q
 (1,a)
 (1,b)
 (2,c)
 (3,d)
 (5,e)
 (8,f )
 (13,g)
 (21,h)

Steps:

1. Add all letters to minHeap by their frequencies
2. Pop off min, add to the tree Bottom-up
3. Put the current tree into minHeap with freq = tree size, repeat 2-3



    Q
 (1,a)
 (1,b)
 (2,c)
 (3,d)
 (5,e)
 (8,f )
 (13,g)
 (21,h)

Steps:

1. Add all letters to minHeap by their frequencies
2. Pop off min, add to the tree Bottom-up
3. Put the current tree into minHeap with freq = tree size, repeat 2-3

a b

2



    Q
 (2,ab)
 (2,c)
 (3,d)
 (5,e)
 (8,f )
 (13,g)
 (21,h)

Steps:

1. Add all letters to minHeap by their frequencies
2. Pop off min, add to the tree Bottom-up
3. Put the current tree into minHeap with freq = tree size, repeat 2-3

a b

2



    Q
 (2,ab)
 (2,c)
 (3,d)
 (5,e)
 (8,f )
 (13,g)
 (21,h)

Steps:

1. Add all letters to minHeap by their frequencies
2. Pop off min, add to the tree Bottom-up
3. Put the current tree into minHeap with freq = tree size, repeat 2-3

a b

2 c

4



    Q
 (3,d)
 (4,abc)
 (5,e)
 (8,f )
 (13,g)
 (21,h)

Steps:

1. Add all letters to minHeap by their frequencies
2. Pop off min, add to the tree Bottom-up
3. Put the current tree into minHeap with freq = tree size, repeat 2-3

a b

2 c

4



    Q
 (3,d)
 (4,abc)
 (5,e)
 (8,f )
 (13,g)
 (21,h)

Steps:

1. Add all letters to minHeap by their frequencies
2. Pop off min, add to the tree Bottom-up
3. Put the current tree into minHeap with freq = tree size, repeat 2-3

a b

2 c

4

7
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    Q
 (5,e)
 (7,abcd)
 (8,f )
 (13,g)
 (21,h)

Steps:

1. Add all letters to minHeap by their frequencies
2. Pop off min, add to the tree Bottom-up
3. Put the current tree into minHeap with freq = tree size, repeat 2-3

a b
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    Q
 (5,e)
 (7,abcd)
 (8,f )
 (13,g)
 (21,h)

Steps:

1. Add all letters to minHeap by their frequencies
2. Pop off min, add to the tree Bottom-up
3. Put the current tree into minHeap with freq = tree size, repeat 2-3

a b
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7
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    Q
 (8,f )
 (12,abcde)
 (13,g)
 (21,h)

Steps:

1. Add all letters to minHeap by their frequencies
2. Pop off min, add to the tree Bottom-up
3. Put the current tree into minHeap with freq = tree size, repeat 2-3

a b

2 c

4

7

d

e
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    Q
 (8,f )
 (12,abcde)
 (13,g)
 (21,h)

Steps:

1. Add all letters to minHeap by their frequencies
2. Pop off min, add to the tree Bottom-up
3. Put the current tree into minHeap with freq = tree size, repeat 2-3

a b

2 c

4

7

d

e

12f

20



    Q
 (13,g)
 (20,abcdef)
 (21,h)

Steps:

1. Add all letters to minHeap by their frequencies
2. Pop off min, add to the tree Bottom-up
3. Put the current tree into minHeap with freq = tree size, repeat 2-3

a b

2 c

4

7

d

e

12f

20



    Q
 (13,g)
 (20,abcdef)
 (21,h)

Steps:

1. Add all letters to minHeap by their frequencies
2. Pop off min, add to the tree Bottom-up
3. Put the current tree into minHeap with freq = tree size, repeat 2-3

a b
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20g

33



    Q
 (21,h)
 (33,abcdefg)

Steps:

1. Add all letters to minHeap by their frequencies
2. Pop off min, add to the tree Bottom-up
3. Put the current tree into minHeap with freq = tree size, repeat 2-3

a b

2 c

4

7

d

e

12f

20g

33



    Q
 (21,h)
 (33,abcdefg)

Steps:

1. Add all letters to minHeap by their frequencies
2. Pop off min, add to the tree Bottom-up
3. Put the current tree into minHeap with freq = tree size, repeat 2-3

a b

2 c

4

7

d

e
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20g
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54

h



Can I get another optimal code?

a b
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LzW- Encoding



1 2 3LzW- Encoding Ea , b , c

嘉



1 2 3LzW- Encoding Ea , b , c

嘉

61 Since Sco. 1) = a in dist
but Sto

, 2] = an not indist.



LIW-Encoding D=Ca,?

嘉

61 Since Sco. 1) = a in dist
but Sto

, 2] = an not indist.

codes : (1, a)



내LZW-Encoding D=ca, ca

嘉

61 Since Sco. 1) = a in dist
but Sto

, 2] = an not indist.

codes : (1, a)



3 내
LzW- Encoding p= {atb cn aa

*

61 Since Sco. 1) = a in dist

D[1]+ a=
aa but Sto

, 2] = an not indist.

스

codes : (1, a)



LzW- Encoding p= cat ' , aqt

2

D[1]+ a=
aa

codes : (1,a)



내
LzW- Encoding p= { at b on aa

2
6= 1 since S22 ,3] =b

D[1]+ a=
aa bof S[2,4] =bctD

codes : (1,a)



새
LzW- Encoding P= { ai' , aa

2
6= 1 since S22 ,3] =b

D[1]+ a=
aa but S[2,4] =bc FD

codes : (15a), (2 , c)



내 5
LzW- Encoding P= { ab' , aa , bo

2
6= 1 since S22 ,3] =b

PEIJta=
aa

B[2]tc = bc
but S[2,4] =bc FD

codes : (15a), (2jc)



내 5
LzW- Encoding P= { ab' , aa , bo

∝

PEIJta=
aa

B[2]tc = bc

codes : (15a), (2jc)



새 5
LzW- Encoding P= { ab' , aa , bo

듬에

PEIJta=
aa

B[2]tc = bc

codes : (15a), (2jc)



새 5
LzW- Encoding P= { ab' , aa , bo

듬에

J = 2 Since 3[4
,6] = an of

PEIJta=
aa

B[2]tc = bc but S[4,7] = sace

codes : (15a), (2jc)



5 6
LzW- Encoding P= { ab ', aq ,bo, ac

듬에

J = 2 Since 3[4
,6] = an of

PEIJta=
aa

B[2]tc = bc but S[4,7] = sace

codes : (15a)
,
(2jc), (4, c)

skipping steps...



5 6
LzW- Encoding P= { ab ', aq ,bo, ac

천
J = 2 Since 3[4

,6] = an of

PEIJta=
aa

B[2]tc = bc but S[4,7] = sace

codes : (15a)
,
(2jc), (4, c)

skipping steps...



5 6
LzW- Encoding P= { ab ', aq ,bo, ac

⇐

D[1]+ a=
aa

D[2]tc = bc D[4Itc a rac

codes : (15)
,
(2jc)

,
(4,

↳ this last step, what do we add ?



5 6
LzW- Encoding p=Cai ,aq ,bo,. s

⇐

D[1]+ a=
aa

D[2]tc = bc D[4Itc a rac
스

codes : (1, a)
,
(2jc)

,
(4,%c) ( 3. c )

1 _

↳ this last step, what do we add ?



Output : (19)
,
(2,c), (Pic) , (3, c)

ー

Goal : Decode to

IDEA : Recreate the final dictionary D= 3

from initial Po = &,5,303



Goal : Decode to

IDEA : Recreate the final dictionary D= 3

from initial Po = &,5,303

PCIJta=
ad

BS2Jtc = br DC4Itc = qac D [37 tc= cc

스

(15a)
,
(25c)

,
(4)

, 22
Start left to rightt...



Goal : Decode to
~

IDEA : Recreate the final dictionary D= 3

from initial Po = &,5,303

PCIJta=
ad

BS2Jtc = br DC4Itc = qac D [37 tc= cc

!/ 스

(, ( 2 ,;c) 。
( 4, c ) ( 3, c )

1 _
Start left to rightt...

We know (1 , a) gives us aa
.

~



Goal : Decode to
~

56

IDEA : Recreate the final dictionary D= a
,
b

,an
from initial Po = &,B,S

PCIJta=
ad

BS2Jtc = br DC4Itc = qac D [37 tc= cc

(, ( 2 ,;
c

)。
(
4, c)

, 32
Start left to rightt...

~

ㅇ
We know (1 , a) gives us aa

.

- we added a a to the dictionary after



Goal : Decode to
〜〜

56 Z

IDEA : Recreate the final dictionary D= a
,
bo

, anc a n
4

from initial Po = &,5, an , S∂

PCIJta=
ad

BS2Jtc = br DC4Itc = qac D(3] + c= x)
스

(1ja)
, (e) , (4,%c) 32

nextup,
We know (2 ,c) gives US b

.

C

- we added be to the dictionary after



Goal : Decode to
〜〜

56

IDEA : Recreate the final dictionary D= a
,
b

,an
4 5

from initial Po = &,5,3 an baS
∂ }

PCIJta=
ad

BS2Jtc = br DC4Itc = qac D [37 tc= cc

스 !/ 스

(1, a) , ( 2,) , (빨 ( 3, c )
σ 1 _

nextup, cwhy
?)

We know (4, 2) gives us a

- we added acc to the dictionary after



Goal : Decode to
〜〜〜

스 56 Z

IDEA : Recreate the final dictionary D= Sa, , a , bo , anc, a n
4 5 6

from initial Po = &,5,3 an
, baaac

}
∂

PCIJta=
ad

B[2]tc = bc DC4]tc = aac D [37 tc= cc
_

스 !/ 스

(1, a) , ( 2,) , (빨 ( 3, c )
σ 1 _

nextup, cwhy
?)

We know (4, 2) gives us a
we recrea

kO

B[4]= aa

- we added acc to the dictionary after



Goal : Decode to
〜〜〜〜

1 2 3 내 56 Z

IDEA : Recreate the final dictionary D= Sa , b , c , a , by , anc , GCS
4

from initial Po = &,5,30 , an , basic

PCIJta=
ad

BS2Jtc = br DC4Itc = qac D [37 tc= cc
_

스 !/ 스

(A, a)
,
(2jc)

,
14, 0)

, L20σ

nextup,
We know (3,2) gives us as

- we added CC to the dictionary after



= bst for X

≠
=



bst for X

← -bst for y

= ョ



bst for X

=>bst forot forx
≈ bst for y

Now lets insert (70 ,50)



筋ot
≈ bst for y

Now lets insert (70 ,50)



筋建
^☆torr

≈ bst for y

Now lets insert (70 ,50)



->t for t fort
≈ bst for y

Now lets insert (70 ,50)



、 *

->t for t fort

얄
bst for y

↓ Now lets insert (70 ,50)

2d free

3d free

体
- /- Splitbyx

ㆀ

Öty/nsplitbey
-/tH991 splitbyz



bst for X

-bstfor y

-

>bst for X

-> bst for y

Now lets delete (40. 10)

Recall deletion in normal BST

· Find predecessor/successor leaf to replace
exr

Pelete(lo):



bst for X

=>bst forot forx
-> bst for y

Now lets delete (40. 10)

Recall deletion in normal BST

· Find predecessor/successor leaf to replace
exr

oeltello:



bst for X

=>bst forot forx
-> bst for y

Now lets delete (40. 10)

Recall deletion in normal BST

· Find predecessor/successor leaf to replace
exr

⑯
mbte

》忽 →為。→蛋
”

힘
(If not at leaf continue recursively)



bst for X

=>bst forot forx
-> bst for y

Now lets delete (40. 10)

Recall deletion in normal BST

· Find predecessor/successor leaf to replace
exr

⑯
deltelle

:림 ㅱ
힘

Deletion in KD-trees is the same,
except you choose successor/predecessor based on dimension



bst for X ⑮o
-bstfor y \

-

bst for X ‰
bst for y

Now lets delete (40. 10)

1) Find successor fore



#m
st

for
fort fort
bst for y

Now lets delete (40. 10)

2) Swap with (40, 10)

[Think about why this preserves k-d order]



50,200 bst for X

#
Now lets delete (40. 10)

2) Swap with (40, 10)

[Think about why this preserves k-d order]



烈州噬”
…
它

Now lets delete (40. 10)

2
.
2)Notat leaf yet

,
find successor in y = 10 and swap.



ind but for X

#
Now lets delete (40. 10)

2
.
2)Notat leaf yet

,
find successor in y = 10 and swap.



bst for X

-bstfor y

-

bst for X

bst for y

Now lets delete (00,60).

Left as
Exercise

NOTE : If no successors find a predecessor instead an vicelversa.


