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Question 1

(Huffman codes)

Recall that Huffman coding encodes high-frequency character with short codewords such that no code-
word is a prefix for some other codeword.

(1) What is an Huffman codes for the following set of frequencies, based on the first 8 Fibonacci numbers?

a:1 b:1 ¢:2 d:3 e:5 f:8 ¢g:13 h:21

Huffman ldea: Compress the most frequent letters to be shortest, an example..

12

0 1
Inner-nodes: freqgs
3 Leaves: letters

What is the most freq. letter? What's the encoding of ‘0’? ‘n'? m’?



Question 1

(Huffman codes)

Recall that Huffman coding encodes high-frequency character with short codewords such that no code-
word is a prefix for some other codeword.

(1) What is an Huffman codes for the following set of frequencies, based on the first 8 Fibonacci numbers?

a:1 b:1 ¢:2 d:3 e:5 f:8 ¢g:13 h:21

Huffman Idea: Compress the most frequent letters to be shortest
12

Steps: ° °

1. Add all letters to minHeap by their frequencies

2. Pop off min, add to the tree Bottom-up
3. Put the current tree into minHeap with freq = tree size, repeat 2-3



Quick example: start off with freqgs

12 Steps:

1. Add all letters to minHeap by their frequencies
2. Pop off min, add to the tree Bottom-up
3. Put the current tree into minHeap with freq = tree size, repeat 2-3




Quick example

1. Add all letters to minHeap by their frequencies
2. Pop off min, add to the tree Bottom-up
3. Put the current tree into minHeap with freq = tree size, repeat 2-3




Quick example

12 Steps:
__________________ 1. Add all letters to minHeap by their frequencies
3 m 2. Pop off min, add to the tree Bottom-up
____________________ 3. Put the current tree into minHeap with freq = tree size, repeat 2-3
_____ m n o)
. o) 9 1 2
Q
(1,n)
(2,n)



Quick example: Step 2

12 Steps:
1. Add all letters to minHeap by their frequencies
i G 2. Pop off min, add to the tree Bottom-up
_ R 3. Put the current tree into minHeap with freq = tree size, repeat 2-3
_____ m n o)
n 0 9 1 2
Q

Step 2 in-depth: (1,n)
2a. Initialize node curr (2,n)



Quick example: Step 2

12 Steps:
1. Add all letters to minHeap by their frequencies
T 2. Pop off min, add to the tree Bottom-up
— R 3. Put the current tree into minHeap with freq = tree size, repeat 2-3

Step 2 in-depth: (—17|=|-)
2a. Initialize node curr (2 FI)
itializ u :

2b. Set children to be next two minHeap elts



Quick example: Step 2

12 Steps:
1. Add all letters to minHeap by their frequencies
1+2 S 2. Pop off min, add to the tree Bottom-up
e 3. Put the current tree into minHeap with freq = tree size, repeat 2-3

Step 2 in-depth: (_17|=|.)
2a. Initialize node curr (2 FI)
itializ u :

2b. Set children to be next two minHeap elts
2c. curr.freq = Add up freq of children (9’m)



Quick example: Step 2

12 Steps:
1. Add all letters to minHeap by their frequencies
3 m 2. Pop off min, add to the tree Bottom-up
_____ 3. Put the current tree into minHeap with freq = tree size, repeat
m n 0
OO ; 1 2
Q
(3,n0)



Quick example: Step 2

Steps:

1. Add all letters to minHeap by their frequencies
2. Pop off min, add to the tree Bottom-up
3. Put the current tree into minHeap with freq = tree size, repeat 2-3

OO ; 1 2

Step 2 in-depth: (3,n0)
2a. Initialize node curr (9 m)
2b. Set children to be next two minHeap elts ’
2c. curr.freq = Add up freq of children




Quick example: Step 2

Steps:

1. Add all letters to minHeap by their frequencies
; ° 2. Pop off min, add to the tree Bottom-up
3. Put the current tree into minHeap with freq = tree size, repeat 2-3

OO ; 1 2

Step 2 in-depth: (—3;&0-)

2a. Initialize node curr (9 H‘I)
2b. Set children to be next two minHeap elts ’
2c. curr.freq = Add up freq of children




Quick example: Step 2

3+9 Steps:

1. Add all letters to minHeap by their frequencies
; ° 2. Pop off min, add to the tree Bottom-up
3. Put the current tree into minHeap with freq = tree size, repeat 2-3

OO ; 1 2

Step 2 in-depth: (—3;&0-)

2a. Initialize node curr (9 H‘I)
2b. Set children to be next two minHeap elts ’
2c. curr.freq = Add up freq of children




Question 1
(Huffman codes)

Recall that Huffman coding encodes high-frequency character with short codewords such that no code-
word is a prefix for some other codeword.

(1) What is an Huffman codes for the following set of frequencies, based on the first 8 Fibonacci numbers?

a:1 b:1 ¢:2 d:3 e:5 f:8 ¢g:13 h:21

Steps:

1. Add all letters to minHeap by their frequencies
Pop off min, add to the tree Bottom-up
3. Put the current tree into minHeap with freq = tree size, repeat 2-3



Question 1
(Huffman codes)

Recall that Huffman coding encodes high-frequency character with short codewords such that no code-
word is a prefix for some other codeword.

(1) What is an Huffman codes for the following set of frequencies, based on the first 8 Fibonacci numbers?

a:l b:1 ¢:2 d:3 e:5 f:8 ¢:13 h:21

@

1. Add all letters to minHeap by their frequencies
2. Pop off min, add to the tree Bottom-up
3. Put the current tree into minHeap with freq = tree size, repeat 2-3

Steps:



Question 1
(Huffman codes)

Recall that Huffman coding encodes high-frequency character with short codewords such that no code-
word is a prefix for some other codeword.

(1) What is an Huffman codes for the following set of frequencies, based on the first 8 Fibonacci numbers?

a:l b:1 ¢:2 d:3 e:5 f:8 ¢:13 h:21

@

1. Add all letters to minHeap by their frequencies
2. Pop off min, add to the tree Bottom-up
3. Put the current tree into minHeap with freq = tree size, repeat 2-3

Steps:



Question 1
(Huffman codes)

Recall that Huffman coding encodes high-frequency character with short codewords such that no code-
word is a prefix for some other codeword.

(1) What is an Huffman codes for the following set of frequencies, based on the first 8 Fibonacci numbers?

a:l b:1 ¢:2 d:3 e:5 f:8 ¢:13 h:21

@

1. Add all letters to minHeap by their frequencies
2. Pop off min, add to the tree Bottom-up
3. Put the current tree into minHeap with freq = tree size, repeat 2-3

Steps:



Question 1
(Huffman codes)

Recall that Huffman coding encodes high-frequency character with short codewords such that no code-
word is a prefix for some other codeword.

(1) What is an Huffman codes for the following set of frequencies, based on the first 8 Fibonacci numbers?

a:l b:1 ¢:2 d:3 e:5 f:8 ¢:13 h:21

Steps:

1. Add all letters to minHeap by their frequencies
2. Pop off min, add to the tree Bottom-up
3. Put the current tree into minHeap with freq = tree size, repeat 2-3



Question 1
(Huffman codes)

Recall that Huffman coding encodes high-frequency character with short codewords such that no code-
word is a prefix for some other codeword.

(1) What is an Huffman codes for the following set of frequencies, based on the first 8 Fibonacci numbers?

a:l b:1 ¢:2 d:3 e:5 f:8 ¢:13 h:21

@

1. Add all letters to minHeap by their frequencies
2. Pop off min, add to the tree Bottom-up
3. Put the current tree into minHeap with freq = tree size, repeat 2-3

Steps:



Question 1
(Huffman codes)

Recall that Huffman coding encodes high-frequency character with short codewords such that no code-
word is a prefix for some other codeword.

(1) What is an Huffman codes for the following set of frequencies, based on the first 8 Fibonacci numbers?

a:l b:1 ¢:2 d:3 e:5 f:8 ¢:13 h:21

(5.€)
(7,abcd)
! (8,f)

2 (13.9)

@

1. Add all letters to minHeap by their frequencies
2. Pop off min, add to the tree Bottom-up
3. Put the current tree into minHeap with freq = tree size, repeat 2-3

Steps:



Question 1
(Huffman codes)

Recall that Huffman coding encodes high-frequency character with short codewords such that no code-
word is a prefix for some other codeword.

(1) What is an Huffman codes for the following set of frequencies, based on the first 8 Fibonacci numbers?

a:l b:1 ¢:2 d:3 e:5 f:8 ¢:13 h:21

12

Q
56y
tabed)
(8,f)

y 213,9)

@

1. Add all letters to minHeap by their frequencies
2. Pop off min, add to the tree Bottom-up
3. Put the current tree into minHeap with freq = tree size, repeat 2-3

Steps:



Question 1
(Huffman codes)

Recall that Huffman coding encodes high-frequency character with short codewords such that no code-
word is a prefix for some other codeword.

(1) What is an Huffman codes for the following set of frequencies, based on the first 8 Fibonacci numbers?

a:l b:1 ¢:2 d:3 e:5 f:8 ¢:13 h:21

Q
12 (8’f )
(12,abcde)

! (13,9)
(21,h)

@

1. Add all letters to minHeap by their frequencies
2. Pop off min, add to the tree Bottom-up
3. Put the current tree into minHeap with freq = tree size, repeat 2-3

Steps:



Question 1
(Huffman codes)

Recall that Huffman coding encodes high-frequency character with short codewords such that no code-
word is a prefix for some other codeword.

(1) What is an Huffman codes for the following set of frequencies, based on the first 8 Fibonacci numbers?

a:l b:1 ¢:2 d:3 e:5 f:8 ¢:13 h:21

20

12

Q
&5
t+2abede}
(13.9)
(21,h)

@

1. Add all letters to minHeap by their frequencies
2. Pop off min, add to the tree Bottom-up
3. Put the current tree into minHeap with freq = tree size, repeat 2-3

Steps:



Question 1

(Huffman codes)

Recall that Huffman coding encodes high-frequency character with short codewords such that no code-
word is a prefix for some other codeword.

(1) What is an Huffman codes for the following set of frequencies, based on the first 8 Fibonacci numbers?

a:l b:1 ¢:2 d:3 e:5 f:8 ¢:13 h:21

20

Q

12 (13,9)
(20,abcdef)
! (21,h)

@

1. Add all letters to minHeap by their frequencies
2. Pop off min, add to the tree Bottom-up
3. Put the current tree into minHeap with freq = tree size, repeat 2-3

Steps:



Question 1

(Huffman codes)

Recall that Huffman coding encodes high-frequency character with short codewords such that no code-
word is a prefix for some other codeword.

(1) What is an Huffman codes for the following set of freanencies, based on the first 8 Fibonacci numbers?

a:l b:1 ¢:2 d¢ 33 If :8 ¢:13 h:21

G T

12

Q
36
- {26;abedef)
(21,h)

@

1. Add all letters to minHeap by their frequencies
2. Pop off min, add to the tree Bottom-up
3. Put the current tree into minHeap with freq = tree size, repeat 2-3

Steps:



Question 1

(Huffman codes)

Recall that Huffman coding encodes high-frequency character with short codewords such that no code-
word is a prefix for some other codeword.

(1) What is an Huffman codes for the following set of freanencies, based on the first 8 Fibonacci numbers?

a:l b:1 ¢:2 d¢ 33 If :8 ¢:13 h:21

G T

Q
(2 (21,h)
(33,abcdefg)

@

1. Add all letters to minHeap by their frequencies
2. Pop off min, add to the tree Bottom-up
3. Put the current tree into minHeap with freq = tree size, repeat 2-3

Steps:



Question 1

(Huffman codes)
Recall that Huffman cod 54 s high-frequency character with short codewords such that no code-

word is a prefix for some eword.

(1) What is an an codes for the followngspt=af freauencies, based on the first 8 Fibonacci numbers?
a:l b:1 ¢:2 d¢ 33 If :8 ¢:13 h:21

12

Q
24
{33;abedefe)

@

1. Add all letters to minHeap by their frequencies
2. Pop off min, add to the tree Bottom-up
3. Put the current tree into minHeap with freq = tree size, repeat 2-3

Steps:



(2) A code is called optimal if it can be represented by a full binary tree, in which all of the nodes have
either 0 or 2 children. Is the optimal code unique?

54

33

20

12

Can | get another optimal code? 7




Question 2
(LZW Compression)

Consider the alphabet {a, b, c} and the input string
S = aabcaaccc.
1. Apply LZW with the initial dictionary
l—a, 2—b, 3—c.

Write down:

e the sequence of output codes;
e all new dictionary entries created during encoding.

L2ZW - Enwding

o Initialize i=0
o Repeatwhilei<n

Find largest j such that T[i,i+j]is in dictionary, but
Tli.i+j+1]is not

Suppose that T[i,i+j] is kth item in the dictionary
Append (k, T[i+j+1]) to the output file

If (i+j+1< n) then Add T[i,i+j+1]to D

Set i=i+j+2



L2ZW - Enwadiny

« Initialize i=0
e Repeatwhilei<n

Find largest j such that T[i,i+j] is in dictionary, but
Tli.i+j+1]is not

Suppose that T[i,i+j] is kth item in the dictionary
Append (k, T[i+j+1]) to the output file

If (i+j+1< n) then Add T[i,i+j+1]to D

Set i=i+j+2

(O/ b, ¢

S

— aabcaaccc.

)=0



L2ZW - Enwadiny

o Initialize i=0
e Repeatwhilei<n

Find largest j such that T[i,i+j] is in dictionary, but
Tli.i+j+1]is not

Suppose that T[i,i+j] is kth item in the dictionary
Append (k, T[i+j+1]) to the output file

If (i+j+1< n) then Add T[i,i+j+1]to D

Set i=i+j+2

1 z 2
(O/ b, C

S = aabcaaccc.
'.:o

V=4 swe 8[o1])=za i dict
but S[o,2]z00 notirdid



L2ZW - Enwding P‘—'(Oi, E cz

o Initialize i=0
o Repeatwhilei<n

« Find largest j such that T[i,i+j] is in dictionary, but S — ab caaccc
T[i.i+j+1]is not — '
o Suppose that T[i,i+j]is kth item in the dictionary )=0
« Append (k, T[i+j+1]) to the output file
o If (i+j+1< n)then Add T[i,i+j+1]to D ~ .
o Seti=i+j+2 \)~1 Sne SEO, \J: G |1 J[o+

but S[o,2]z00 notirdid

(0des. CZLJ a)



[_ZW- Emodm_,

o In|t|al|ze| 0
o Repeatwhilei<n

Find largest j such that T[i,i+j]is in dictionary, but
Tli.i+j+1]is not

Suppose that T[i,i+j] is kth item in the dictionary
Append (k, T[i+j+1]) to the output file

If (i+j+1< n) then Add T[i,i+j+1] to D

Set i=i+j+2

C@deﬁi (jb a)

S = aabcaaccc.

-

)=0

V=1 swe SEO, \J: o 10 digt
but S[o,2]z00 notirdid



L2ZW - Enwding _ Lo o

« Initialize i=0
o Repeatwhilei<n
« Find largest j such that T[i,i+j] is in dictionary, but S J—
e — aabcaaccc.
Suppose that T[i,i+j] is kth item in the dictionary A
Append (k, T[i+j+1]) to the output file
If (i+j+1< n) then Add T[i,i+j+1]to D

Set i=i+j+2 \)1’1 S Sﬁo‘ )J: G ,‘ﬂ Jfo+
pLajras=as bot S[0,2]=060 nofirdid

Cﬂdeé I (1 J/a)



sz"(' E"""d"'.’ P:(oi, E Cgl a0

« Initialize i=0
o Repeatwhilei<n
« Find largest j such that T[i,i+j] is in dictionary, but S J—

T — aabcaaccc.
Suppose that T[i,i+j] is kth item in the dictionary
Append (k, T[i+j+1]) to the output file
If (i+j+1< n) then Add T[i,i+j+1]to D
Set i=i+j+2

P[i—_l{-q: aa

C@deﬁ I (1 J/a)



LZW - Enwading e

« Initialize i=0
o Repeatwhilei<n

« Find largest j such that T[i,i+j] is in dictionary, but —
Frdlargest S = aabcaaccc.
o Suppose that T[i,i+j]is kth item in the dictionary ;3 7
o Append (k, T[i+j+1]) to the output file
o If (i+j+1< n)then Add T[i,i+j+1]to D
o Seti=i+j+2 \):4 Siale SL)Z,'S] =Le P
pralea=ae bt S[2,4]=kcC ED

ngeé Z (;L fa)



4

LZ_W‘ E"“”""'J P:{oi, E Cgl a0

o |Initialize i=0
o Repeatwhilei<n

Find largest j such that T[i,i+j] is in dictionary, but S —
T[i,i+j+1]is not T aa;tz caaccc.
Suppose that T[i,i+j] is kth item in the dictionary i‘ 7

Append (k, T[i+j+1]) to the output file
If (i+]+1< n) then Add T[i,i+j+1] to D

Set i=i+j+2 J=1 sine SLt,37<=bLe P

pLaJee an bot SL2,4])ske €D

Codes: (1 J/a) mravma)



L2ZW - Enwadinyg D-

o Initialize i=0
o Repeatwhilei<n

Find largest j such that T[i,i+j] is in dictionary, but
T[i.i+j+1]is not

Suppose that T[i,i+j] is kth item in the dictionary
Append (k, T[i+j+1]) to the output file

If (i+]+1< n) then Add T[i,i+j+1]to D

Set i=i+j+2

Pclj+q: aQ

{1 z ¢ 4 5
{IOJB,CIQO&)bC

S = aabcaaccc.

=2
J=1 sme SL2,37=b e P

sraeezpe BoF Sl €D

Codes: (1 J/q) I C?—,’/C>



- 1 9 >3
sz E'"'Odm-, P:{o, E, Cgl an LC

o |Initialize i=0
o Repeatwhilei<n

Find largest j such that T[i,i+j] is in dictionary, but S - aab caaccc
‘ —

T[i.i+j+1]is not

Suppose that T[i,i+j] is kth item in the dictionary P
Append (k, T[i+j+1]) to the output file

If (i+]+1< n) then Add T[i,i+j+1] to D

Set i=i+j+2

pragea=2s pL2d+c = be

Codes: (1 J/a) L C?_;c>



- 1 9 >3
sz E'"'Odm-, P:{o, E, Cgl an LC

o |Initialize i=0
o Repeatwhilei<n

Find largest j such that T[i,i+j]is in dictionary, but S - aab caaccc

T[i.i+j+1]is not

Suppose that T[i,i+j]is kth item in the dictionary ff-'q
Append (k, T[i+j+1]) to the output file

If (i+]+1< n) then Add T[i,i+j+1] to D

Set i=i+j+2

pragea=2s pL2d+c = be

Codes: (1 J/a) L C?_;c>



- 1
LZ_W Eﬂ_‘f_‘)"‘.’ P:{o, E, f, aa b

o |Initialize i=0
o Repeatwhilei<n

Find largest j such that T[i,i+j]is in dictionary, but S - aab caaccc

T[i.i+j+1]is not

4

5

Suppose that T[i,i+j] is kth item in the dictionary ff-'q

Append (k, T[i+j+1]) to the output file

If (i+]+1< n) then Add T[i,i+j+1] to D

Set i=i+j+2 J~ Z Sine Sﬂq)éj — aa &P

pragea=2s pL2d+c = be

Codes (1 J/a) I (2, ¢)

bt 5(4,7] =50 #P



- { z 2 4 5 b
sz Emodm_, D={a,b, ¢, 20, b( ,auc

o |Initialize i=0
o Repeatwhilei<n

« Find largest j such that T[i,i+j] is in dictionary, but —
Frdlargest S = aabcaaccc.
« Suppose that T[i,i+j]is kth item in the dictionary f*'-'q

« Append (k, T[i+j+1]) to the output file
If (i+]+1< n) then Add T[i,i+j+1] to D

. Setizis2 J= 2 Sime S[L9,6] = aa &P
p[1]+q:aa pl2]+c = be bJ/- 5[4/73 =S EP

(0des' (1J/a) ! C?_;Q ) (4,¢c)

SLipping SWS' 2



- { z 2 4 5 b
sz Emodm_, D={a,b, ¢, 20, b( ,auc

o |Initialize i=0
o Repeatwhilei<n

« Find largest j such that T[i,i+j] is in dictionary, but —
Frdlargest S = aabcaaccc.
« Suppose that T[i,i+j]is kth item in the dictionary f*'-'q

« Append (k, T[i+j+1]) to the output file
If (i+]+1< n) then Add T[i,i+j+1] to D

. Setizis2 J= 2 Sime S[L9,6] = aa &P
p[1]+q:au pl2]+c = be bJ/- 5[4/73 =S EP

(0des' (j,fa) ! Czjc) ) (4,¢c)

SLipping SWS' 2



_ 1t z ¢ 4 &5 6
LZW - Enwding D={a,b, ¢, a0, bC e

« Initialize i=0
o Repeatwhilei<n
o Find largest | such that T[i,i+j]is in dictionary, but S —
T[i,i+j+1]is not T aabcaacgc'
o Suppose that T[i,i+j] is kth item in the dictionary
« Append (k, T[i+j+1]) to the output file
« If (i+j+1< n) then Add T[i,i+j+1] to D
o Seti=i++2

PLATEa=2% pradec=be D(eJtc = @ac

(0des' (fl,fa) ! C?_;Q ) (4/@)

| Fhis fast Stef, what Do we ald 7



4 5

_ 1 2z =2
LZW EncodM_, p:{o,b, c,2%, bC ,06uc | CC é

. In|t|aI|ze| 0
o Repeatwhilei<n

o Find largest | such that T[i,i+j]is in dictionary, but -
S = aabcaacgc.

T[i.i+j+1]is not
o Suppose that T[i,i+j] is kth item in the dictionary
« Append (k, T[i+j+1]) to the output file
o If(i+j+1< n)then Add T[i,i+j+1]to D
o Seti=i+j+2

PLATEa=2% pradec=be D(eJtc = @ac

(odes. (ij/a) I CZ;C> ) (4,//0) 413, ¢))

) 4 =TT |

| Fhis fast Stef, what Do we ald 7
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Godl ' Dewde 1o S = aabcaaccc.
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Godl ' Dewde 1o S = aabcaaccc.

2 4 5 6 7z

'DEA\ (ReCfeok Hle qul J/G Dy p:{dtl ¢, aq) bC yanc cC 5
PfO“Y\ witial JDo: i )E/%j

g O N

PEi]H': aa pL2dée = be DC‘O‘:‘C <lauc / 0[377' c—= cC
/

CiJ/q) J CZJC) ) qu/;’) ) (/ 3, C)

/
Stk |ett 1[0 right. .



Geod ' Decode Jlo S :;ebcaaccc.

2 4 5 6 7z

'DEA\ (ReCfeok Hle Plnq' J/G Dy p:{dtl ¢, aq) bC yanc cC 5
PFOvn witial JDo: i )’5/35}

g O N

P[ij{'c': aa pL2dée = be DC‘O‘:‘C <lauc / 0[377' c—= cC
/

1y 7 /4
(j’J q) J (ZJ C> CqJ C) C 3, C)
— / ) i
Stk |ett 1[0 right. .
We Know C{ZJH) 3]1/4,) Us ﬂ\“__



Geod ' Decode Jlo S :;ebcaaccc.

2 4 5 6 7z

. 1 2
'DEA - Q@Cfeok Hle 1qul J/G Dy p:{ol b, ¢ / ao‘) b ,ame ; CC 5
123 g
Prom akal JDa: iu) b, , 44 j
PLATEA=2% pradec=be D(«Jtc < aac pl3jre= c¢

4 p //
(j'J q) ) 677 C> ) CqJ C) (/ 3/ C)
— ) T
Stk |ett 1[0 right. .
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Geod ' Decode Jlo S :;el;\gaaccc.

2 4 5 6 Z

'DEA\ Q@Cfeok Hle Plnq' J/Gaﬂ/)afj p:{dtl ¢, ao‘ b yanc cC 5
'Pfovn \/ll*lq, JDOI i )/g/%) JbC, j

g O N
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(2) (kd-trees) Consider the kd-tree shown below. We assume it’s a standard kd-tree where the cut-
ting dimensions alternates between x and y with each level. Show the final tree after the operation
insert((70,50)).
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