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Some other things about this PSO (and me)

- Usually on slides

- | try to cover everything

- Raise your hand whenever

- 3-time 251 TA, 10-time overall TA

| upload my slides on my website!

I %“2; Being a Teaching Assistant

justin-zhang.com/teaching/CS251 £ | 01,25 ZOXX



http://justin-zhang.com/teaching/CS251

Question 1

Let ¢ be the cost of calling the function WoORK. That is, the cost of the function is constant, regardless
of the input value. Determine the respective closed-form T'(n) for the cost of calling WORK,

1. function Al(n:Z1)

2 val « ()

3: for ¢ from 1 to n by multiplying by 3 do
1: for j from i to i* do

h: val + val + WORK(n)

G: end for

7: end for

8: return val

0. end function

What is this question asking?



Question 1

Let ¢ be the cost of calling the function WoORK. That is, the cost of the function is constant, regardless
of the input value. Determine the respective closed-form T'(n) for the cost of calling WORK.,

1. function Al(n: Z1)

2 val « ()

3: for ¢ from 1 to n by multiplying by 3 do
1: for j from ¢ to i* do

h: val « val + WORK(n)

G: end for

7: end for

8 return val

0. end function

What is this question asking? Determine the respective closed-form T'(n) for the cost of calling WORK.

What is this question NOT asking?
Something witha ) or[]in it

An asymptotic answer



1. function Al(n :Z1)

2 val « ()

3 for ¢ from 1 to n by multiplying by 3 do .

, Wit At (Let ¢ be the cost of calling Work)
val + val + WORK(n)

( end for

7: end for

s return val

0. end function

How to derive T(n) when there are weird loops that are nested

1. Write out the general form of T(n).

General idea
loop == sum
nested loop == nested su




1. function Al(n :Z1)

2: val « () )
3 for ¢ from 1 to n by multiplying by 3 do (Let c be the cost of calling Work)
| for ) from i to ¥ do

val + val + WORK(n)

> |

6 end for
T: end for
s return val

.

) end function

How to derive T(n) when there are weird loops that are nested

1. Write out the general form of T(n).

E E c i 1 3 9
i=. I

2. Write out the values of i and j as the loop iterates



- function Al(n: Z1)
val « ()
for ¢ from 1 to n by multiplying by 3 do
for ) from ¢ to ¥ do
val + val + WORK(n)
G end for
end for
return val
1 end function

(Let c be the cost of calling Work)
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How to derive T(n) when there are weird loops that are nested

1. Write out the general form of T(n).

i
z c i 1 3 9 n
. J(itoi?) | 1to1 3to9 9 to 81 n to n?
T =
15 = -

2. Write out the values of i and j as the loop iterates
3. Plug in the start and ending values fori and j



- function Al(n: Z1)
val « ()
for ¢ from 1 to n by multiplying by 3 do
for ) from ¢ to ¥ do
val + val + WORK(n)
G end for
end for
return val
1 end function

(Let c be the cost of calling Work)
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How to derive T(n) when there are weird loops that are nested

1. Write out the general form of T(n).

i
z c i 1 3 9 n
. J(itoi?) | 1to1 3to9 9 to 81 n to n?
T =
15 = -

2. Write out the values of i and j as the loop iterates
3. Plug in the start and ending values fori and j Problem: summations don’t “multiply by 3”



- function Alin : Z1)
val « ()
for ¢ from 1 to n by multiplying by 3 do
for ) from ¢ to ¥ do
val + val + WORK(n)
end for
end for
return val
end function

Problem: summations don’t “multiply by 3”
Solution: introduce a new variable k that iterates ‘normally’

k 0 1 2 ?
i 1 3 9 n
jitoi®) | 1to1 3t09 9 to 81 n to n?

Next step: write i in terms of k




1. function Al(n : Z1)

2: val « ()

3: for ¢ from 1 to n by multiplying by 3 do
I for ) from ¢ to ¥ do

B val + val + WORK(n)

G end for

7: end for

8 return val

0 end function

Problem: summations don’t “multiply by 3”
Solution: introduce a new variable k that iterates ‘normally’

k 0 1 2 log,n
i 30 31 32 3k
j 1to 1 3t09 9 to 81 n to n?

Now write j in terms of k
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function Al(n : Z1)
val « ()
for ¢ from 1 to n by multiplying by 3 do
for ) from ¢ to ¥ do
val + val + WORK(n)
end for
end for
return val
end function

Problem: summations don’t “multiply by 3”

Solution: introduce a new variable k that iterates ‘normally’

k 0 1 2 log,n
i 30 31 32 3k
j 3%3% 31032 324 3% 3Kt 32k

The corresponding sum is then..
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function Al(n : Z1)
val « ()
for ¢ from 1 to n by multiplying by 3 do
for ) from ¢ to ¥ do
val + val + WORK(n)
end for
end for
return val
end function

Problem: summations don’t “multiply by 3”

Solution: introduce a new variable k that iterates ‘normally’

k 0 1 2 log,n
i 30 31 32 3k
j 3%3% 31032 324 3% 3Kt 32k

The corresponding sum is then..




Last Steps: Solve the Sum (Carefully!!)

2K
(433N 3
o 2
k:o J = 3"

Pro technique:



Last Steps: Solve the Sum (Carefully!!)

2K
A 9 ¥
Z C m n n - ( Q O )r
k:o J:Z"

Pro technique: Left as an exercise to the reader



Question 2

Derive the closed-form T'(n) for the value returned by the following algorithm:

1: function A2(n:Z")

2 sum < ()

3: for i from 0 to n* — 1 do

4 for j from i to n® — 1 do
5 sum < sum + 1

6: end for

T: end for

8: return sum

9: end function

Let's follow the same steps

1. Write out the general form of T(n).
2. Write out the values of i and j as the loop iterates



Question 2

Derive the closed-form T'(n) for the value returned by the following algorithm:

1: function A2(n:Z")

2 sum < ()

3: for i from 0 to n* — 1 do

4 for j from i to n® — 1 do
5 sum < sum + 1

6: end for

7: end for

8: return sum

9: end function

1.  Write out the general form of T(n).
2. Write out the values of i and j as the loop iterates

n=l g2

* 5,

=0 ¢y i

Simple! (Fishy..)



Question 2

Derive the closed-form 7T'(n) for the value returned by the following algorithm:

1: function A2(n:Z")

2 sum < ()

3: for i from 0 to n* — 1 do

4 for j from i to n® — 1 do
5 sum < sum + 1

6: end for

7: end for

8: return sum

9: end function

1.  Write out the general form of T(n).
2. Write out the values of i and j as the loop iterates

4 ' 3

n_- n-l
Z Z 1 When i > n3-1, inner loop does
0 g not run so this sum is wrong!
I= ]

Simple! (Fishy..)



Question 2

Derive the closed-form 7T'(n) for the value returned by the following algorithm:

1: function A2(n:Z")

2: sum < ()

3: for i from 0 to n* — 1 do

4: for j from i to n® — 1 do
5 sum < sum + 1

6: end for

7: end for

8: return sum

9: end function

1.  Write out the general form of T(n).
2. Write out the values of i and j as the loop iterates

-
3

E= S |
2» The right sum
z 1

=0 =i



Last Steps: Solve the Sum (Carefully!!)



Question 3

(a) The following statements are true or false?

. n%e O(""’"")
2. lu:J::):u € O(V IOg Il)

3. nlos™ € Q(n!)

(b) Sort the following functions in increasing order of asymptotic (big-O) complexity:

fin) =nY" fo(n) =27, f3(n) =n'"-2"2 fi(n) = (g)

What does f(n) = O(g(n)) mean (in words)?



Question 3

(a) The following statements are true or false?

1. n? € O(5'°8 ")
2. lut’l‘;: — € O(ylogn)
3. nlos™ € Q(n!)

(b) Sort the following functions in increasing order of asymptotic (big-O) complexity:

fin) =nY" fo(n) =27, f3(n) =n'"-2"2 fi(n) = (3)

What does f(n) = O(g(n)) mean (in words)? f(n) is upper-bounded by g(n), asymptotically
What does f(n) = O(g(n)) actually mean?



Question 3

(a) The following statements are true or false?

L n‘Z = O(Slugn)

¢ log n .
2 —Iu:::.w;, — € O(ylogn)
3. nle™ € Q(n!)

(b) Sort the following functions in increasing order of asymptotic (big-O) complexity:

A)=nY", fo(n)=2", f3(n)=n""-2"2 fi(n)= (3)

What does f(n) = O(g(n)) mean (in words)? f(n) is upper-bounded by g(n), asymptotically
What does f(n) = O(g(n)) actually mean?

Thee €x5ks Constandsc 70 5 0% eV sk Het
cF(m £ 9l

for wll 0 20,




(a) The following statements are true or false?
1. n2 € O(5'%")

(Suppose log is base 2)

(For general log base b, this is only true when..)



(a) The following statements are true or false?

log n
2. IOA;:% — & O(y/logn)



(a) The following statements are true or false?

3. nlogm e Q(n!)
What does f(n) = O(g(n)) mean (in words)? f(n) is upper-bounded by g(n), asymptotically

What does f(n) = O(g(n)) actually mean?

Thee eols comlands € 70,0, €IV g,k fiad
cF(m £ 9l

for wll 0 20,

Now...
What does f(n) = Q(g(n)) mean (in words)?

What does f(n) = Q(g(n)) actually mean?




(a) The following statements are true or false?

3. nlogm e Q(n!)



(b) Sort the following functions in increasing order of asymptotic (big-O) complexity:

Hi(n) =nV", fo(n) =2", f3(n)=n'"-2"2 fi(n)= (;)

Intuition: Exponentials dominate

Any clear relationships?



Question 4

(a) Show that max{ f(n).g(n)} € O(f(n)+g(n)) for any f(n) and g(n) that eventually become and stay
positive.

(b) Give an example of f and ¢ such that f is not O(g) and g is also not O(f).
f(n) = ©(g(n)) is defined as f(n) = O(g(n)) and f(n) = Q(g(n)) (simultaneously) i.e.

Thee eisks constandsc 70,0, €N guch o) Thee esks comstands €70, 0, €IV guch it
CE(m £ gL AND eRm 7 90
For wll 0 20 forall 020,

We can rewrite this as..




(a) Show that max{ f(n).g(n)} € O(f(n)+g(n)) for any f(n) and g(n) that eventually become and stay
positive.

To convince ourselves, let's look at f(n) = n and g(n) =log n




(a) Show that max{ f(n).g(n)} € O(f(n)+g(n)) for any f(n) and g(n) that eventually become and stay

positive.
Prove formally using definition
Ex. f(n) =nand g(n) =log n There &xs)  nstols €,6'70 , anl flo €N s0ch Tt
Aptr) RN LG wod C'fln) > 30m)
,/,, ///. {\OP q” ﬂZﬂa
A YR
y aRmL
RO N 1. max(f,g) = O(f + g)
M
o
/e‘"_; 2. max(f,g) = Q(f + g)




(b) Give an example of f and g such that f is not O(g) and g is also not O( f).

|ldea: crazy oscillating behavior



