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Two vertices u,v are connected if there is some way to get from u → v.

Graph is connected if for all u,v vertices, u and v are connected

a

dc

b

e

(undirected)

Are there any algorithms that can help us here?



Two vertices u,v are connected if there is some way to get from u → v.

Graph is connected if for all u,v vertices, u and v are connected

a

dc

b

e

(undirected)

Use BFS/DFS, count the number of vertices visited



Any idea from pt 1?

a

dc

b

e

u



Any idea from pt 1? Check connectivity when u is deleted

a

dc

b

e

u

Exercise: Suppose you wanted to find all articulation points. Can you do so in O(|V| + |E|) time?
       Hint: a point is an articulation point iff it is not in a cycle.



u/v A B C D E

A 0

B 0

C 0

D 0

E 0



What’s your algorithm Warshall/Floyd/Ingerman/Roy/Kleene?





R(-1

)
A B C D E

A 0 1 1 0 0

B 0 0 1 1 0

C 0 0 0 0 1

D 0 0 0 0 1

E 0 0 0 0 0

k = A

R(0) A B C D E

A

B

C

D

E



R(-1

)
A B C D E

A 0 1 1 0 0

B 0 0 1 1 0

C 0 0 0 0 1

D 0 0 0 0 1

E 0 0 0 0 0

k = A

R(0) A B C D E

A

B

C

D

E

i = A
j = A



R(-1

)
A B C D E

A 0 1 1 0 0

B 0 0 1 1 0

C 0 0 0 0 1

D 0 0 0 0 1

E 0 0 0 0 0

k = A

R(0) A B C D E

A 0

B

C

D

E

i = A
j = A



R(-1

)
A B C D E

A 0 1 1 0 0

B 0 0 1 1 0

C 0 0 0 0 1

D 0 0 0 0 1

E 0 0 0 0 0

k = A

R(0) A B C D E

A 0 1

B

C

D

E

i = A
j = B



R(-1

)
A B C D E

A 0 1 1 0 0

B 0 0 1 1 0

C 0 0 0 0 1

D 0 0 0 0 1

E 0 0 0 0 0

k = A

R(0) A B C D E

A 0 1

B

C

D

E

i = A
j = C



R(-1

)
A B C D E

A 0 1 1 0 0

B 0 0 1 1 0

C 0 0 0 0 1

D 0 0 0 0 1

E 0 0 0 0 0

k = A

R(0) A B C D E

A 0 1 1

B

C

D

E

i = A
j = C



R(-1

)
A B C D E

A 0 1 1 0 0

B 0 0 1 1 0

C 0 0 0 0 1

D 0 0 0 0 1

E 0 0 0 0 0

k = A

R(0) A B C D E

A 0 1 1 0

B

C

D

E

i = A
j = D



R(-1

)
A B C D E

A 0 1 1 0 0

B 0 0 1 1 0

C 0 0 0 0 1

D 0 0 0 0 1

E 0 0 0 0 0

k = A

R(0) A B C D E

A 0 1 1 0 0

B

C

D

E

i = A
j = E



R(-1

)
A B C D E

A 0 1 1 0 0

B 0 0 1 1 0

C 0 0 0 0 1

D 0 0 0 0 1

E 0 0 0 0 0

k = A

R(0) A B C D E

A 0 1 1 0 0

B 0

C

D

E

i = B
j = A

What's the final R(0)?



R(-1

)
A B C D E

A 0 1 1 0 0

B 0 0 1 1 0

C 0 0 0 0 1

D 0 0 0 0 1

E 0 0 0 0 0

k = A

R(0) A B C D E

A 0 1 1 0 0

B 0 0 1 1 0

C 0 0 0 0 1

D 0 0 0 0 1

E 0 0 0 0 0

i = B
j = A

Whats the final R(0)?
Same as R(-1), why? 



R(0) A B C D E

A 0 1 1 0 0

B 0 0 1 1 0

C 0 0 0 0 1

D 0 0 0 0 1

E 0 0 0 0 0

k = B

R(1) A B C D E

A 0 1 1

B 1 1

C 1

D 1

E

i = A
j = A



R(0) A B C D E

A 0 1 1 0 0

B 0 0 1 1 0

C 0 0 0 0 1

D 0 0 0 0 1

E 0 0 0 0 0

k = B

R(1) A B C D E

A 0 1 1

B 1 1

C 1

D 1

E

i = A
j = B



R(0) A B C D E

A 0 1 1 0 0

B 0 0 1 1 0

C 0 0 0 0 1

D 0 0 0 0 1

E 0 0 0 0 0

k = B

R(1) A B C D E

A 0 1 1

B 1 1

C 1

D 1

E

i = A
j = C



R(0) A B C D E

A 0 1 1 0 0

B 0 0 1 1 0

C 0 0 0 0 1

D 0 0 0 0 1

E 0 0 0 0 0

k = B

R(1) A B C D E

A 0 1 1

B 1 1

C 1

D 1

E

i = A
j = D



R(0) A B C D E

A 0 1 1 0 0

B 0 0 1 1 0

C 0 0 0 0 1

D 0 0 0 0 1

E 0 0 0 0 0

k = B

R(1) A B C D E

A 0 1 1 1

B 1 1

C 1

D 1

E

i = A
j = D



R(0) A B C D E

A 0 1 1 0 0

B 0 0 1 1 0

C 0 0 0 0 1

D 0 0 0 0 1

E 0 0 0 0 0

k = B

R(1) A B C D E

A 0 1 1 1 ?

B 1 1

C 1

D 1

E

i = A
j = E



R(0) A B C D E

A 0 1 1 0 0

B 0 0 1 1 0

C 0 0 0 0 1

D 0 0 0 0 1

E 0 0 0 0 0

k = B

R(1) A B C D E

A 0 1 1 1 0

B 1 1

C 1

D 1

E

i = A
j = E



R(0) A B C D E

A 0 1 1 0 0

B 0 0 1 1 0

C 0 0 0 0 1

D 0 0 0 0 1

E 0 0 0 0 0

k = B

R(1) A B C D E

A 0 1 1 1 0

B 1 1

C 1

D 1

E

i = B
j = A

What's the final R(1)?



R(0) A B C D E

A 0 1 1 0 0

B 0 0 1 1 0

C 0 0 0 0 1

D 0 0 0 0 1

E 0 0 0 0 0

k = B

R(1) A B C D E

A 0 1 1 1 0

B 0 0 1 1 1

C 0 0 0 0 1

D 0 0 0 0 1

E 0 0 0 0 0

i = B
j = A

What's the final R(1)?



R(1) A B C D E

A 0 1 1 1 0

B 0 0 1 1 1

C 0 0 0 0 1

D 0 0 0 0 1

E 0 0 0 0 0

k = C

R(2) A B C D E

A

B

C

D

E

What's the final R(2)?



R(1) A B C D E

A 0 1 1 1 0

B 0 0 1 1 1

C 0 0 0 0 1

D 0 0 0 0 1

E 0 0 0 0 0

k = C

R(2) A B C D E

A 0 1 1 1 1

B 0 0 1 1 1

C 0 0 0 0 1

D 0 0 0 0 1

E 0 0 0 0 0

What's the final R(2)?



R(2) A B C D E

A 0 1 1 1 1

B 0 0 1 1 1

C 0 0 0 0 1

D 0 0 0 0 1

E 0 0 0 0 0

k = D

R(3) A B C D E

A

B

C

D

E

What's the final R(3)?



R(2) A B C D E

A 0 1 1 1 1

B 0 0 1 1 1

C 0 0 0 0 1

D 0 0 0 0 1

E 0 0 0 0 0

k = D

R(3) A B C D E

A 0 1 1 1 1

B 0 0 1 1 1

C 0 0 0 0 1

D 0 0 0 0 1

E 0 0 0 0 0

What's the final R(3)?



R(3) A B C D E

A 0 1 1 1 1

B 0 0 1 1 1

C 0 0 0 0 1

D 0 0 0 0 1

E 0 0 0 0 0

k = E

R(4) A B C D E

A 0 1 1 1 1

B 0 0 1 1 1

C 0 0 0 0 1

D 0 0 0 0 1

E 0 0 0 0 0

What's the final R(4)?



R(4) A B C D E

A 0 1 1 1 1

B 0 0 1 1 1

C 0 0 0 0 1

D 0 0 0 0 1

E 0 0 0 0 0

Summary
For each k = A,B,C,D,E:

For each i = …:
For each j = …:

Check if there is a path between
i and j through k

R(-1): Adj Matrix
R(0/A):  R(-1) + (paths through A)
R(1/B):   R(0/A)+ (paths through B)
R(2/C):  R(1/B) + (paths through C)
R(3/D):   R(2/C)+ (paths through D)
R(4/E):   R(3/D)+ (paths through E)



R(4) A B C D E

A 0 1 1 1 1

B 0 0 1 1 1

C 0 0 0 0 1

D 0 0 0 0 1

E 0 0 0 0 0



R(4) A B C D E

A 0 1 1 1 1

B 0 0 1 1 1

C 0 0 0 0 1

D 0 0 0 0 1

E 0 0 0 0 0 The transitive closure can help here





Let's draw Gd
First, calculate deg(v)

v deg(v)

1

2

3

4

5

6

7



Let's draw Gd

v deg(v)

1 3

2 3

3 3

4 4

5 3

6 3

7 3

1

2
7

4

3

6

0
5



v deg(v)

1 3

2 3

3 3

4 4

5 3

6 3

7 3

1

2
7

4

3

6

0
5



If we run Warshall..

1

2
7

4

3

6

0
5

u/v 0 1 2 3 4 5 6 7

0 1 1 1 1 1 1 1

1 1 1 1 1 1

2 1 1 1

3 1 1 1

4

5 1 1

6 1 1

7 1

Observations:



If we run Warshall.. u/v 0 1 2 3 4 5 6 7

0 1 1 1 1 1 1 1

1 1 1 1 1 1

2 1 1 1

3 1 1 1

4

5 1 1

6 1 1

7 1

Adding (4,0) makes strongly connected

1

2
7

4
3

6

0

5



“Pulling” the graph to make source/sink a little more clear

1

2
7

4

3

6

0

5



“Pulling” the graph to make 1st level a little more clear

1

2

7

4

3 6

0

5

Note: Exclude prev. “pulled” nodes



“Pulling” the graph to make 2nd level a little more clear

1

2 7

4

3
6

0 5



“Pulling” the graph to make 3rd/4th level a little more clear

1

2

7

4

3
6

0 5



I can write out the topo orderings now

1

2

7

4

3
6

0 5

Any node on the same level can go in either order


